Antibiotic resistance is one of the largest threats to global health, food security, and development today. of related biochemical mechanisms, 6, 7, 8, 9, 10, 11, 12 is needed.
energies are negligible compared to the stretching energies and that shortening of the cell contributes to 48 bulge growth (Fig. 1C-D) . As we shall see, membrane remodeling and the relaxation of the entropic and 49 stretching energies of the cell envelope can predict bulging and are consistent with experimental observa-50 tions.
51
Cell envelope mechanics 52 We model the cell wall, IM, and OM as elastic shells in contact. Although fluid membranes cannot sup-53 port in-plane shears, 29 we do not consider shear strains and stresses in this work and the strain energy is 54 e ectively that of an elastic shell. Importantly, we also suppose that, on timescales longer than that of the 55 elastic response, the membrane geometries can vary due to membrane fluidity while conserving their ref- 56 erence surface areas. This contrasts with the rigid cell wall, whose reference configuration is assumed to be 57 a cylinder. The free energy of the cell wall, IM, OM, and the volume enclosed by the IM is 58
where the superscripts w , i , and o denote wall, IM, and OM quantities, respectively, E stretch and E bend are 59 the stretching and bending energies, respectively, of an elastic shell, T is the temperature, and S is the 60 entropy of mixing water and solutes. Here only water molecules are assumed to be outside the cell and S = 61 k(n s ln x s + n w ln x w ), where k is Boltzmann's constant, x s and x w are the number fractions of solute and 62 water molecules, respectively, and n s and n w are the numbers of solute and water molecules, respectively. 63 We assume an ideal, dilute solution in this work and note that the presence of the entropic term implies that, 64 when the chemical potentials of water are equal both inside and outside the cell, the mechanical stresses in the cellular envelope are proportional to p = kT C, where C is the number density of solutes inside the cell 66 and p is defined as the turgor pressure (Supplementary Information, SI). Assuming characteristic parameter 67 values, the bending energies are negligible compared to the stretching energies, as is typically the case for 68 thin shells. 30, 31, 32 We therefore discard the bending energies in the expressions below and verify in the SI 69 that they do not change our results. We assume linear, isotropic constitutive relations for the IM and OM and 70 an orthotropic constitutive relation for the cell wall, building on evidence for a larger elastic modulus in the 71 circumferential direction than the axial direction.
33, 34
E stretch can then be expressed as
where dA is an area element and As the membrane stresses may vary due to the in-plane rearrangement of phospholipids, 38, 33 we assume that 
where
A is the remaining surface area, ignoring the end-128 caps, S(V u ) is the entropy of mixing corresponding to and
and A cell = 2⇡rL is the surface area of a healthy cell. Due to water flow, the volume enclosed by the IM may 134 increase, and we show below that the amount of volume increase is consistent with the timescale of bulging.
135
We now wish to find cell envelope geometries for which the free energy is lowered.
137
As an ansatz which will later be supported by comparison with experiments, we suppose the formation of 138 an ellipsoidal bulge with radii (a, a, b) and some circular cross-section coinciding with A, as described by 139 the parametric angle ✓ = sin 1 (r d /a) ( Fig. 2A) . We neglect the bending energy of the neck, as detailed in 
where the in-plane stresses of the IM and OM satisfy 2 P shrinks is relegated to the ellipsoidal bulge, the free energy of the bulged state can then be expressed as 156
where the independent variables satisfy the reference area constraint. Here the aspect ratio
is the entropy of mixing corresponding to a bulged volume
is the volume of the bulge, and the stretching energy of the bulge is 159
where, for ↵ 2 {i, o},
and 161
are the total in-plane stresses of the bulge as functions of parametric coordinates (x, y) = (✓ Bulging is energetically favorable due to the relaxation of the entropic and stretching energies when F = for a wide range of r d , the configuration in which no bulging occurs is unstable, and the predicted bulge geometries appear consistent with experimental measurements (Fig. 3 
Model of swelling

195
During swelling, the amount of water uptake is determined by the same balance of the entropic and stretch- 
Materials and Methods
225
Model parameters 226 Unless otherwise specified, in this work we assume approximately the values at which the minimum of F over ✓, r b , and " is achieved.
230
Bacterial strains and growth
231
The wild-type strain used in this study is E. coli MG1655, and we verified that the morphological dynamics h. Images were recorded using NIS-Elements software (Nikon, Tokyo, Japan).
246
Image analysis 247 Image sequences were compiled from previous work 16 and from ten replicate experiments described above, 248 which resulted in raw data for over 500 cells. These sequences were annotated manually in ImageJ (National denotes the cell volume in the bulged state. As an artifact of the ansatz geometry, F 9 0 as ✓, V ⇤ ! 0 because the bulge stresses diverge as a ! 1. Small bulges with diverging radii of curvature correspond to energetically unfavorable modes, but do not necessarily present energetic barriers, and the grey curve illustrates an alternate path to the energetic minimum which is monotonically decreasing in the free energy (SI and 
Supplementary Information
Entropic origin of turgor pressure and stresses at equilibrium. Here we show that minimization of F in equation (1) of the main text implies that, when the chemical potentials of water are equal both inside and outside the cell, the mechanical stresses in the cellular envelope are proportional to p = kT C, where C is the number density of solutes inside the cell (assuming no solutes outside the cell) and p is defined as the turgor pressure. For simplicity, we first neglect the di erences between the cell wall, IM, and OM and consider the cellular envelope as a homogeneous, continuum, isotropic, elastic shell, with Young's modulus and Poisson's ratio Y and ⌫, respectively, and a fixed reference state. Similar conclusions can be shown to hold assuming orthotropic material properties over the entire cellular envelope and di erent geometries.
With notation similar to the main text, in this section we denote as L 1 (L 0 ) and r 1 (r 0 ) the (reference) length and radius, respectively, of the cell envelope. Assuming the linear strain-displacement relations in the main text and setting
the stretching energy is
We ignore the bending energy, as discussed below, and consider now the entropic term. We assume the dilute limit of a small, fixed number of solutes n s inside the cell, so that n s /n w ⌧ 1, where n w denotes the number of water molecules. In this case, and assuming that the volume occupied per solute molecule is comparable to that occupied per water molecule, the number of water molecules contained in the cell envelope can be approximated as n w ⇡ ⇡r 
Since the cell envelope geometry may change, we minimize F with respect to the stresses xx and yy . Anticipating that L 1 = L 0 + L and r 1 = r 0 + r and that u xx = L/L 0 , u yy = r/r 0 , and n s /(n s + n w ) are small, expanding F to second order in both u xx and u yy and first order in n s /(n s + n w ) around zero and solving for the values of L and r which minimize F yield
which implies
consistent with loading by a pressure p = kT C, where C = n s /(⇡r
. From this, we also find that n s can be expressed in terms of cellular parameters as n s = p⇡r
Bending energies are negligible even at the neck. Throughout this work, we have assumed that the bending energies are negligible compared to the stretching energies. The bending energy of an isotropic shell is E bend = 2k b R H 2 dA. Here k b is the bending rigidity, H is the mean curvature, a vanishing spontaneous curvature is assumed for all surfaces for simplicity, and the contribution of Gaussian curvature to the elastic energy is ignored due to the Gauss-Bonnet theorem and absence of topological change. The bending energy E w bend of the orthotropic cell wall assumes a more complicated form involving bending rigidities in the xx, xy, and yy directions [1] . However, here we do not consider bending deformations of the cell wall. We therefore leave the form of E w bend unspecified and ignore it in the following. We now consider the addition of these bending energies to the analysis in this study. The combined bending energy of the unbulged state, a cylinder, is
, where we drop the subscripts u and b on r for simplicity and retain the notation used in the main text. The combined bending energy of the bulged state is
where we compute the mean curvature of an ellipsoid parameterized by (a sin ✓ 0 cos , a sin ✓ 0 sin , b cos ✓ 0 ) from its second fundamental form as
and E neck is the bending energy of the neck. For an ellipsoidal bulge joined to a cylinder, the mean curvature diverges at the kink of the neck. In lieu of a perfect kink, we may suppose instead that the geometry of the neck is described by a partial, circular torus of major and minor radii D and C (Fig. S1 ). C can be set to satisfy conservation of membrane reference surface areas, so that the reference area of the torus is identical to the reference area of the neck that it replaces; however, D is constrained by the bulge radius to be D ⇡ a sin ✓.
For the case in which the parametric angle ✓  ⇡/2, the sector of the toroidal cross-section needed to bridge the neck can be taken to be  ✓ with its value dependent on the choice of C, while for ✓ > ⇡/2, half of the cross-section su ces over a range of C (Fig. S1 ). Then, as the area of the toroidal neck is bounded by
2 CD, the bending energy of the toroidal neck satisfies E neck .
> <
> :
Introducing a toroidal neck also results in a contribution to the stretching energy. The in-plane stress for a circular torus are [2, 3] 
where ✓ t and t are respectively the toroidal and poloidal angles of the torus and (x, y) = (✓ t , t ); as the typical volume changes we consider are small, for simplicity we ignore the e ect of solute dilution on p here and in the remainder of the SI, unless specified otherwise, and note that this does not significantly change our results. Taking max t xx = 
Finally, introducing the neck increases the volume enclosed by the IM, and considering its entropic contribution explicitly would only decrease the free energy change further. Thus, the free energy change F neck due to bulging in the case where a kink at the neck is replaced by a partial torus is upper bounded by
where F is of the same form as that considered in the main text. For the parameter values indicated in Materials and Methods and k b = 20 kT , D ⇠ 1 µm, and C ⇠ 10 nm, we find that the corrections indicated in equation (S10) are of lower orders of magnitude (⇠ 10 16 to 10 17 J) than the energy scales considered in the main text and do not change our results; neither do they present energetic barriers to relaxation. Taken together, these considerations suggest that it is indeed justifiable to neglect the bending energies and the energetic contribution of the neck.
Stress analysis of an ellipsoidal bulge and calculation of undeformed surface area. We consider the ellipsoidal surface parameterized by (a sin ✓ 
where T is the stress resultant tensor, K is the curvature tensor,p = (0, 0, p) is the external force per unit area, i ↵ are Christo el symbols of the second kind, and the indices (↵, , ) range over ✓ 0 ⌘ x ⌘ x 1 and ⌘ y ⌘ x 2 [4, 5] . (Here 3 denotes surface normal quantities.) The in-plane stresses correspond to the stress resultant tensor with mixed (raised and lowered) indices. Upon index lowering by the covariant metric tensor G ↵ of the deformed state, where
these give, as functions of the parametric angle along the axis of symmetry
Note that, assuming the linear strain-displacement relation E ↵ = e ↵ = (G ↵ g ↵ )/2 for a thin shell, where E (e) is the strain tensor of the deformed (reference) state of the bulge, index lowering with the covariant metric tensor of the undeformed state, g ↵ , and retaining the terms accurate to linear order in the strains results in identical expressions. As we employ a linear theory in this work, we shall continue to lower indices with G ↵ below.
In the main text, we wish to determine A ⇤ , the reference surface area of an ellipsoidal bulge. Although the linearized strain-displacement relations of a thin shell are analytically and numerically di cult to solve for the ellipsoidal geometry we consider, A ⇤ can be calculated directly from the metric tensor using the strain-displacement relation
b is determined from equations (7) and (8) of the main text and the constitutive relation, and take
Numerical minimization of F. As the analytical calculations below suggest, the minimization of F is algebraically and analytically complex. We numerically minimized F by determining F 0 and then determining F 1 . To find the minimizers corresponding to equation (3) , and likewise for determining F 1 below. Hence, for a given a value of r u , p u and L u can be determined self-consistently by the membrane reference surface area constraint, and a numerical value of the expression in equation (3) of the main text can be computed. We took F 0 to be the minimal value obtained by sampling over r b in this way.
To determine the minimizers corresponding to F 1 in equation (5) For given values of each sampled variable, a numerical value of F 1 can therefore be computed. We omitted computations corresponding to cases where L b < 2r d , in which case the geometry assumed in our model is unphysical. For Fig. 3 in the main text, we determined the model predictions as follows: for given values of r b and ", we considered the first local minimum, F| r b ," , of F viewed as a function of ✓ starting from ✓ = 0. We then took the predicted configuration to correspond to the minimum of F| r b ," over all sampled values of r b and ".
The foregoing calculations were repeated for variations in r d , r, and L. We discretized r d over the interval [0 µm, 1.4 µm] into 28 steps, r over the interval [0.3 µm, 1.1 µm] into 8 steps, and L over the interval [2 µm, 20 µm] into 18 steps, interpolated the model predictions, and smoothed the resultant curves. We repeated the foregoing calculations with di erent discretizations and ranges and verified that our model predictions were not significantly changed.
Changes in the entropic and stretching energies. In this section, we consider the changes in entropic energy, stretching energy of the ellipsoidal bulge, and stretching energy of the cylindrical bulk separately, which we respectively denote as T S, H bulge , and H bulk . H bulge and H bulk are the di erences of the first and second terms of equations (4) and (6) Fig. S2A . We note, in particular, that the trade-o between the stretching and entropic energies determines bulge size, and that both bulge growth and shrinking of the cylindrical bulk yield similar contributions to the increase in stretching energy in the energy-minimizing conformation.
Bulging occurs spontaneously.
Here we demonstrate the existence of a path to the energy-minimizing state shown in Fig. 2B of the main text which is monotonically decreasing in the free energy. In particular, this path avoids the divergence of F as ✓, V ⇤ ! 0 shown in Fig. 2B of the main text. We consider extruding a sphere of a fixed radius R r d through the wall defect until the cross-section of the sphere coincides with the wall defect. Reusing notation introduced elsewhere in the text, the free energy of the cell envelope with a spherical bulge of fixed radius R, but varying parametric angle ✓, protruding through a defect can be written as
where A ? = A A e , A = ⇡r We consider the dependence of the subtended angle on the defect radius in the limit where the defect radius is small. Under the assumptions above, it is possible to solve for F analytically. Doing so results in algebraically complex forms for F 0 and F 1 :
where L u is constrained by conservation of membrane reference surface area to yield
where ⇣ = pr + 4Y , n s = p⇡r 2 L/(kT ), and n u w , the number of water molecules in the unbulged state, is n u w = ⇡r 2 L u /m w , and
where Intriguingly, our model predicts that for typical parameter values the cell wall is compressed axially. In this case, it is energetically favorable for membrane area to be appropriated by shortening the bulk beyond the reference length of the cell wall.
Critical defect radius for bulging. In previous work [6] , a critical defect radius of r d ⇡ 20 nm for bulging was found by considering the trade-o between the bending and pressure-volume energies. The bending energy of a hemispherical bulge of radius r d is E bend = 4⇡k b , while the pressure-volume energy is E pV = For the parameter values considered in this work, neglecting the bending energy at the bulge neck, and considering both the IM and OM in the presence of su cient excess area, 2E bend = E pV when r d = 21 nm, consistent with the estimate in [6] . However, allowing for membrane reorganization, a critical defect radius for bulging may exist by considering primarily the trade-o between the bending and stretching energies. In this case, the decrease in free energy can be caused primarily by a decrease in the stretching energy, which is dependent on the shape of the cell envelope: the stretching energy may be lowered if the bulge, for which the stresses are on the order of ⇠ pr d , replaced the cylindrical geometry, for which the stresses are proportional to pr. The stretching energy saved by bulging is well approximated by the contribution over the defect, E stretch ⇡ Timescale of the bulging response against viscous drag. We show that balancing the energy change computed above with the viscous drag on the bulge implies a timescale that is smaller than 100 ms, and hence energy dissipation cannot account for the observed timescale of bulging. The characteristic scale of F in our work is 10 14 J, while the power dissipation due to viscous drag on an expanding sphere is 16⇡⌘Ṙ 2 R, where ⌘ denotes the medium viscosity and R is the radius of the sphere [7] . Supposing the viscosity of water, ⌘ = 10 3 Pa · s, and estimating R = 0.5 µm andṘ = 0.5 µm/(100 ms) then results in an energy scale of 10 19 J/s. Equivalently, a power dissipation of 10 14 J/(100 ms) implies a bulging timescale of ⇠ 0.1 ms. 
Supplementary Figures
